The leading Regge trajectories generated by two Yukawa potentials of different ranges are studied by both analytical and numerical methods. We find that several new features appear which are not present in the single Yukawa case. We investigate in detail the behavior of the trajectories as we change gradually from the single to the two Yukawa potential case, paying close attention to the appearance of branch cuts other than the usual right hand cut in the leading trajectories. We notice that these cuts, if present in relativistic, theory, can play important roles in explaining effects such as the polarization in the n p charge exchange reaction.
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This paper describes a study of the behavior of Regge trajectories that arise from a superposition of two Yukawa potentials of different ranges. In particular, we shall be interested in the behavior of the trajectories for negative energies, as this is the region which, in the relativistic case, controls the asymptotic behavior of the crossed channel, and thus has direct experimental consequences. Our technique will be to use analytical methods to investigate the features in the weak coupling limit, and then use numerical solutions of the Schrodinger equation to ascertain which features remain true in the more realistic strong coupling case. We will be able to determine the positions of the singularities of the trajectory functions, which UCRL-17 4 75 -2-are quite different from the single Yukawa case. This, in turn, will affect phenomenological formulae used in high energy data fitting.
In Section II we review, for completeness, the equations for the trajectories in the weak coupling limit. In Section III, we exhibit the main results of the weak coupling limit, which are justified in Section IV. Section V includes numerical calculations of the strong coupling case.
UCRL-1 7 4 75 -3- The singularities of f±(t,k) in the tplane come from the divergen'ce of the integral in Eq. (11.2) at its lower limit. 7
For Ret>-this will not happen. As we go into the lefthalf t plane, f±(t,k) can have simple poles. For potentials that behave like r 2n-'1 + f(r2) near origin, n an integer great,er or ·equal to 0, see that f±(t,k) has simple poles 8 we at t = -n-l, -n-2,-···. The residues of these poles, of course, depend on the potential. In particular, some of them may be equal to zero for special values of k.
The analytic properties of f.,(t,k) in the k plane are well, known. The Jost function f_(t,k) has a left~hand cut along the negative imaginary axis in the k plane. It also has a root type branch point of order 2t + 1 at k = 0.
From Eq. (II.l), one sees that, the poles of S(t,k) are gi ven by the zeros of f J.e:,k) . Consequently, the Regge trajectory o for all k.
By the implicit function theorem, a(k2) has all the singularities of f_(t,k)' and also has additional root-type branch points, whenever
This corresponds to the coincidence of 'zeros of f _ (t,k) . It is , 2 this possibility of multiple zeros that allows a(k) to have the special singularity struct-qre that will be ,described below. We immediately find, from Eq., (11, 2) , that We shall study the effect of these variations in the potential on the trajectory configurations. The initial and final configurations . 2 of this sequence have been described in great detail, and some information on the interlr(ediate stages exists. 12 ,13 We shall attempt to make this more systematic, and we expect to gain some understanding of the singularity structure of a(k 2 ).
The potential under consideration is the following:
where V. (r) At the other extreme of the sequence (Fig. 2i) , the purely attractive case, the pattern is quite similar except that even poles now move to the left. The pole; which starts at . e. = -1 does not collide with any other pole, and reaches a point on the If we continue decreasing the repulsion the story repeats itself:
the bubble surrounding t = -3 collapses and the poles from t = -3 and
switch roles. In the end as the repulsion goes to zero, this . the leading one go' to t -.~ at threshold .
In this case we are dealing with a short'range attraction and a long range repulsion. The sequence now rUns from pure attraction to pure repulsion.
The .detailed manner in which the switch over takes'place is analogous to case A, and thus we shall discuss it only briefly.
Unlike case (A), however, there are no branch points on the negative real .k 2 axis for the trajectory which passes o .
(IV.l)
Our discussio'n will be divided into two parts.. In part A, vrestudy the properties of a(k2) for finite k 2 ., In part B, we discuss the si tuation when k 2 approaches threshold'. From these we can get a t rv(k2,') qualita ive picture of ~ as described in the previous section.
(A) Collision of Poles For a finite region in,;the t and k 2 planes hot including k 2 = 0, we can subtract out the fixed poles of f _ (t,k) and expand where ,a OO is of order, 1, and all the other a's are of order g.
We subtract out the poles at , t = -1 and -2 to study the be- the trajectory from -3 is not described.) .
As we decrease the attraction, these two branch points move onto the real axis .. The coincidence of two branch points, at
' has the effect of "decoupling" these two trajectories (Fig. lC) ( iii) 0 < --gl <-g2'
As we further decrease the attraction, D(K) will have a pair of zeros on the real axis (Fig. lb) ; thus a(k2) has two real branch points.
When we remove the attraction completely, one of the two branch point~ will have moved to threshold (Fig. la) has solutions only at poles of ~2(t)jr\(t~, which are ,given by the zeros of C l ·( t) . In the weak coupling limit it will be near t = Solving \ C 1 ( t) = 0, we obtain We find
In The configuration of a long ·range repulsion and a short range attraction is also very interesting, as we expect that the effect of inelastic channels can be modeled by a long range repulsion. An example of such trajectory is shown in Fig. 6 . One outstanding feature of these trajectories is that even though the k 2 == ° interept is to the left of t == 0, they are still able to reach past 18 t== 0, forming an S-wave resonance. This can be easily understood by noticing that the long range repulsion and a short range attraction can form a well to contain resonances. In Fig. 8 we give
an example of such an S-wave resonance in the leading traj ectory, together with a leading-like trajectory from t == -2.
The effects of long range repulSion are also present for resonances of t > 0, since it enhances the barrier that contains them.
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In particular, if we consider a resonance at k 2 = ~2and we incr'ease the repulsion and correspondingly the attraction, so that the resortance energy remains constant, we find that the width ,becomescnarrower;, .
We have defined the width as:
In Table Iwe give an 'actual example. As in the weak coupling case, are complex conjugates of each other, i.e., 2 P , .
• 
